INTRODUCTION
The Hopf algebra extensions arising from a semi-direct product of groups is a special case of Hopf algebra extensions arising from a matched pair of groups. Such a construction was first considered by G. I. Kac in the 1960s (see [Kac] ). He established an exact sequence (now called Kac sequence) that connects group cohomology and Hopf algebra extensions. Later this sequence was revisited and generalized by A. Masuoka [Ma1, Ma2] .
The methods used in establishing the Kac sequence involve some powerful homological algebra, but do not provide explicit descriptions of the differentials. Our computational approach describes the homomorphisms involved explicitly and this makes it possible to present some nice examples of groups of Hopf algebra extensions (Opext).
It proves useful to introduce the multiplication and the comultiplication parts of the second cohomology group of Hopf algebras H 
Notation
All Hopf algebras will be over a field k. The multiplicative group of units of the field shall be denoted by k
• and k •n = a n a ∈ k • . If A and B are Hopf algebras, then Reg B ⊗m A ⊗n shall denote the group of all convolution invertible maps f B ⊗m → A ⊗n that preserve the unit and the counit, i.e., id ⊗ · · · ⊗ ε B ⊗ · · · ⊗ id f = ε A ⊗n and f id ⊗ · · · ⊗ η A ⊗ · · · id = η B ⊗m . Note that this group is commutative if and only if A is a commutative and B is a cocommutative Hopf algebra.
For finite groups H and N, Map
x n = 1 whenever one of the elements h 1 h m ; x 1 x n is a unit element (i.e., equals 1 H or 1 N ).
Observe that Reg
where the isomorphism is given by identifying f x u = f x u , for x ∈ H ×n , u ∈ N ×m . Here we also identify kH ⊗n = k H ×n and k N ⊗m = k N ×m . In future we shall choose the notation that is most convenient at the time. Bȳ f we shall denote the convolution inverse of f .
For an arbitrary group G, and a group H acting on G, we shall denote the subgroup of H-stable elements by G H . When dealing with quotients, a ∼ b means that a and b belong to the same equivalence class. In particular, if a and b are cocycles, then a ∼ b means that a and b are cohomologous.
Preliminaries on Hopf Algebra Extensions

A sequence of Hopf algebra maps
and that there exists a B-comodule map χ ∈ Reg B C (there are many equivalent definitions). From now on we assume that A is commutative and that B is cocommutative; in this case such an extension gives rise to an action µ B ⊗ A → A and a coaction ρ B → B ⊗ A, that make the quadruple B A µ ρ into an abelian Singer pair. (In the literature, the term "abelian matched pair of Hopf algebras" is also used. I adopt the term proposed by A. Masuoka; see [Ma2] .) The set of equivalence classes of extensions giving rise to the same abelian Singer pair can be equipped with an intrinsic "Baer-type" abelian group structure given by the bitensor product construction (see [Ho, M] ). The abelian group of equivalence classes of extensions giving rise to B A µ ρ is denoted by Opext B A µ ρ (or just by Opext B A if the choice of µ and ρ is obvious). Similarly as in the group case, extensions can be classified by the second cohomology group (for more, see [Ho] ). The cohomology considered here is that of the total complex. For our purpose it is sufficient to view the second cohomology group in terms of cocycles and coboundaries, which are pairs of maps that satisfy certain conditions. The isomorphism H 2 B A ∼ → Opext B A is given by the so-called bicross product construction.
For the general theory of Hopf algebras, we refer to [S] and [Mo] .
THE MULTIPLICATION AND THE COMULTIPLICATION PARTS OF H 2
Here we discuss in more detail the extensions that have an "unperturbed" multiplication and those that have an "unperturbed" comultiplication; i.e., we will look at two subgroups H 2 m B A and H 2 c B A of H 2 B A , one generated by the cocycles with a trivial multiplication part and the other generated by the cocycles with a trivial comultiplication part. Let kH k N of a Singer pair kH k N µ ρ , where N and H are finite groups, the coaction ρ is trivial, and the action µ kH ⊗ k N → k N is induced by a right action of H on N, i.e., µ x ⊗ f u = f u x for x ∈ H, f ∈ k N , and u ∈ N. This is a special case of a Singer pair arising from a matched pair of groups; for more, see [Kac, Ma1, Ma2] .
The Double Complex
The cohomology of a Singer pair arising from a semi-direct product of groups N and H is obtained from the following double complex. For groups
With the above notation and the identification Reg kH
, we get the following description of the second cohomology group of a Singer pair arising from a semi-direct product of finite groups N and H,
By f ≡ 1 we mean that f is the function that is constantly 1, i.e., that f is the unit in the group Map
Where convenient, such a map will be denoted by ηε [since this is a standard notation for the unit in the isomorphic group Reg kH ⊗k k N ⊗m ]. Recall that Hochschild group cohomology is given by Proof. Note that the equation
Remark. It follows from the last result that we may consider the Tahara sequence [Ta, Theorem A.2] as a restriction of the Kac sequence. Moreover, it is possible to see that
and that
• is the homomorphism from the Tahara sequence and is the connecting homomorphism (defined in Section 5).
We can also say quite a bit about H 2 c kH k N . Let us start with the following observation. and "repairing" the B-comodule splitting χ ∈ Reg B C so that the multiplication cocycle associated with the extension becomes trivial. We shall use the following well-known fact.
Proposition 4.1. If χ B → C is an algebra map, then the multiplication cocycle associated to E is trivial. On the other hand, if E is equivalent to a bicross product with "unperturbed" multiplication, then there exists a B-comodule algebra map χ ∈ Reg B C . Proposition 4.2. Assume χ ∈ Reg B C is a B-comodule map and let χ ∈ Reg B C . Then χ is also a B-comodule map if and only if there exists a map t ∈ Reg B A ⊆ Reg B C such that χ = t * χ.
Proof. First assume χ is a B-comodule map. It is sufficient to see that
The reverse implication goes as follows: let χ = t * χ for a t ∈ Reg B A .
Proposition 4.3. Let B = kC n , where C n = x x n = 1 is the cyclic group of order n. If χ ∈ Reg B C is a B-comodule splitting of π, then so are the maps χ χ ∈ Reg B C defined by
where a i is an invertible element of A, ε a i = 1, and a 0 = 1.
Proof. Define t ∈ Reg B A by t x i = a i and t ∈ Reg B A by t x i = χ x iχ x i (observe χ x iχ x i = χ x i χ x i −1 ∈ A) and note χ = t * χ and χ = t * χ.
Let H = C n = x x n = 1 and B = kH. If χ ∈ Reg B C is a B-comodule splitting of π, then letx = χ x and a =x n . Then
and hence a ∈ C co B = A. Note also x a =xax −1 =xx nx−1 =x n = a. Since χ x χ x =χ x χ x = 1, we see thatx is invertible and hence so is a. (As above, we can also make sure that the inverse of a lies in A.)
Let us "repair" χ by replacing it by χ defined by χ x i = bx i , for i = 0 1 n − 1 and b an invertible element of A such that ε b = 1. Note that χ will be an algebra map, provided that
On the other hand, if the B-comodule map χ ∈ Reg B C is an algebra map, then clearly χ x i = bx i , with ε b = 1 and bx n = 1. By induction on n, we see that
So χ can be "repaired" into an algebra map if and only if we can find b ∈ A such that bx b · · · x n−1 b = a −1 . Let A = k N , for a finite group N, and let the action of kH on A be given by precomposition. Then the condition x a = a shows that a u = a u x for each u ∈ N and consequently that a is constant on every orbit C n u = u x x ∈ C n . Since a is invertible and ε a = 1, we can also say a u = 0 for all u ∈ N and a 1 = 1. Now we can state the conditions promised at the beginning of the section. (1) k
(2) Every nontrivial orbit of N under the action of H = C n has n elements; i.e., C n u = n for every 1 = u ∈ N.
Proof. Let 1 = u 0 u 1 u k be representatives of distinct orbits in N under the action of H. Remark. Observe that here it is not required that the action N × H → N preserves the group structure. It is sufficient that the action in question is an action of a group on a set. Hence the theorem also holds in case the Singer pair kH k N µ ρ arises from a general matched pair of groups N and H; in particular, ρ need not be trivial. Example 4.5. Let H = C 2 = x and let N = C m form a dihedral group; i.e., let u x = u −1 for u ∈ N. If m is odd, then the action of H on N satisfies condition (2) of the theorem above.
THE CONNECTING HOMOMORPHISM
where x ∈ H.
Theorem 5.1. The mapping
is well defined and is a group homomorphism.
Proof. We only have to convince ourselves that is well defined, since it will then obviously be a group homomorphism. To see that it is well defined, we have to check that β c ∈ Z 
Theorem 5.2. The sequence Remark. Note that the map can also be defined in case the action of N on H is not trivial and that the exactness of the above sequence follows from the exactness of the Kac sequence.
Proof. This follows from the above theorem. It is also possible to see this directly.
Let c ∈ ker ; i.e., β c ∈ B 2 c kH k
Remark. In the following example from [Ta] , the inequality in the above corollary is a strict one. Let N = C 9 = u , H = C 3 = x , k = 4 (hence k The following proposition about group cohomology will help to establish the equality ker = H 2 N k • H in case gcd N H = 1.
Proposition 5.4. If gcd H N = 1, then each cohomology class in
Proof. Let h n ∈ be such that h H + n N = 1. Define
Proof. We have already seen that ker 
an isomorphism. So in this case, is an epimorphism and is a monomorphism and
Let B ≤ A be abelian H-groups; we write the group operation multiplicatively. Recall [Kar] that
With this in mind, we have
Now note that there is a homomorphism 
Theorem 7.1. The sequence
Proof. It is apparent that π = 0 and obviously also π H 2 m = 0. Hence
8. EXAMPLES
Dihedral Groups
Let N H be a dihedral group of order 2n; i.e., let N = C n = u H = C 2 = x , and let H act on N by u x = u −1 . Remember that the isomorphism Hence c a ∼ x c a if and only if a 2 ∈ K •n . This happens when either a ∈ k •n/2 or a ∈ −k •n/2 . Hence in case n is even,
Combining the connecting homomorphism k
we now get a homomorphism
Define β a = c a and abbreviate a i j = β a x u i u j , i.e.,
0 < i; and 0 < j and i + j < n, a n < i + j.
where p i ∈ k N denotes the characteristic function of u i ∈ N; i.e., p i u j = δ i j . Now define C a to be a free k N module, with basis 1 x . We define multiplication on C a by the rulê
and comultiplication by the rule
This gives a Hopf algebra extension
where the projection C a → kH is induced byx → x. Now define a = C a . Observe that the action N × H → N satisfies condition (2) of Theorem 4.4 and thus H 2 c kH k
Remark. In case k has "few" nth roots, Opext is "very big." In particular, if k = , we get infinitely many nonisomorphic extensions.
The Cyclic Group of Order 2 Acting on G × G
Let G be a finite group, N = G × G, and H = C 2 = x , and let H act on N by u v x = v u u v ∈ G. It follows from Theorem A.1 
• is invariant under the action of H and that the action is given by x f u v = f −1 v u . Using this, we can deduce that ker is contained in P G G k
• H .
Example Revisited
In case G is a cyclic group, the example above becomes an example already mentioned in [Kac] (if k = ) and also in [Ma1] 
•n and P C n C n k • = n , where n denotes the subgroup of nth roots of unity in k • . Direct computation shows
So in case n is an odd integer,
If n is odd, is a monomorphism. Now assume n is even. The following paragraph will show that ker
Define γ ∈ Reg kH k N , by the rule Hence in case n is even, β a t ∼ β a t δγ = β a −t
The extensions associated with these cocycles are the following, Remark. The following paragraph will describe the explicit isomorphism between extensions as above and the extensions described in [Ma1] . Assume that n is odd. For t ∈ n , define γ t ∈ Reg kH k N by the rule We have shown above that C 1 t ∼ D t −2 .
A Noncommutative Example
Let now G = G k m r as in Definition A.7. That cohomology group H 2 G k m r k • is already explicitly described in [Ta] . So the only ingredient missing is P G k m r G k m r k
• . First we need to calculate the abelianization of the group G k m r , While it is possible to describe this example in this generality, we shall restrict ourselves to the simpler case when gcd k r − 1 = 1. In this case we have an isomorphism P G k m r G k m r k
